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Abstract 

We describe "quasi canonical modules" for modular invariant rings R of finite group actions 
on factorial Gorenstein domains. From this we derive a general "quasi Gorenstein criterion" in 
terms of certain 1-cocycles. This generalizes a recent result of A. Braun for linear group actions 
on polynomial rings, which itself generalizes a classical result of Watanabe for non-modular 
invariant rings. 

We use an explicit classification of all reflexive rank one i?-modules, which is given in terms of 
the class group of R, or in terms of i?-semi-invariants. This result is implicitly contained in a 
paper of Nakajima ([6]). 

1. Introduction 

Let fc be a field, V a finite dimensional fc-vector space of dimension n, G C GL{V) a finite 
group and A := Sym(V^*) = k[xi, . . . the symmetric algebra over the dual space V* with 
its canonical G-action and ring of invariants R := A'~^ := {a G A \ ga = a Vg G G}. 
A classical result of K. Watanabe states that ii p — char(A:) does not divide \G\, then A^ is 
Gorenstein if G C SL{V). If moreover G contains no pseudo-reflection, then the converse holds, 
i.e. if A"-^ is Gorenstein, then G C SL(T^) ([7], [8]). In the recent paper [2], A. Braun proved an 
analogue of this result for the modular case, where the characteristic of k is allowed to divide 
the group order. Consider the following 

Hypothesis (AfTZ) : The group G C GL{V) contains no pseudo-reflection (neither diagonal- 
izable nor transvection). 

Then Braun proved the foUowing result: 

Theorem 1.1. [2] Let k be an arbitrary Held and suppose the Hypothesis (AfTZ) holds. 
Then the following are equivalent: 

(i) G C SL(F); 

(ii) A'^ = }lomc{A'^ ,G) for every polynomial ring C CA^ such that A^ is a Rnitely 
generated C -module and the homogeneous generators of G have degrees divisible by 
|G|. 

From this he deduces that if G satisfies Hypothesis (AfTZ), then the Cohen-Macaulay and 
Gorenstein loci of A'^ coincide and if A*^ is Cohen-Macaulay it is also Gorenstein. He also 
obtains a modular version of the converse: If G satisfies Hypothesis {AfTZ) and is Gorenstein, 
then G is contained in SL{V). 

In this paper we generalize Braun's results in two ways: firstly we avoid Hypothesis (AfTZ) 
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altogether. Secondly we neither assume A to be a polynomial ring nor that the parameter 
algebra C is chosen in any particular way. Instead, our main result applies, whenever ^ is a (not 
necessarily graded) fc-algebra, which is also a factorial domain with unit group U{A) = U{k). 
It is remarkable that Braun's proof employs important techniques from the theory of non- 
commutative Frobenius and symmetric algebras. The current paper grew out of our attempt 
to understand these methods in detail, in particular with an eye on possible future applications 
in non-commutative invariant theory. Nevertheless, it turned out, that Braun's result as well 
as our generalization, can be obtained wholly within the "world of commutative algebra" , by 
combining Braun's ideas with information hidden in the proofs of a classical paper by Nakajima 
[6]. 

To formulate our main result we need the following definitions and notation: 

Let ^ be a fc-algebra which is also a factorial domain with unit group U{A) = U{k) and let 

G C Aut(A) be a finite group. We do not assume that G acts trivially on k, so k' := k'^ can 

be a proper subfield of k. 

Definition 1. Let A e Z^{G, U{A)) be a 1-cocycle, i.e. A : G U{A) with 

K9h)^X{g)-g{\{h))yg,heG. 

Then we define A\ := {a G A | g{a) \{g)a\^ the R-module of relative X-invariants, or A-semi 
invariants in A. 

Definition 2. Let T' be a commutative Gorenstein ring and B a commutative T'-algebra 
such that -pB is finite. Then we call the S-module llom-p{B,'P) the quasi-canonical module 
of B and we call B quasi-Gorcnstcin (w.r.t. V), if Iiom'p{B,P) ^ B a,s B-modules (in other 
words, if i? is a symmetric "P-algebra). 

Remark 1 . If i? is a graded connected fc-algebra and V a polynomial ring, generated by a 
homogeneous system of parameters, then i? is a Cohcn-Macaulay ring, if and only if -pB is free. 
If B is Cohen-Macaulay, then it is well known that ujb ■= lioixi-p{B,'P) is a canonical module 
of B and B is Gorenstein, if and only ii B = ljb- 

Let W := W{G) < G be the normal subgroup generated by generalized reflections (see 
Definition 5) and let be any parameter fc'-subalgebra C R := '!= S :— C A. 
Although not explicitly stated in [6], the following facts are implicit in the proofs of that paper: 

(1) The class group Cr of R is isomorphic to the subgroup 11 of iJ^(G, J7(A)), defined 
by # := {p G i/i(G,C/(A)) I res,^(p) - 1 in H\l^,U{A^)), VQ S SpeCi(A)}. (see 
Theorem 3.4). 

(2) There are explicit bijections between the following sets: 

- the divisor class group C/j; 

- the set of iso types of finitely generated reflexive i?-modules of rank one; 

- the set of iso types of R modules of semi-invariants with x G ^^(G, U{Al)). 

(3) If X G Z^{GIW, U{A)), then A^= R ^ [x] = 1 G i?i(G/W^, U{A)). 
We can now state the main result of this paper: 



Theorem 1.2. The rings S and A are quasi-Gorcnstcin F -algebras with 
Hom^(S', T) S -Os = S, Hom^(A, T) = A-9a = A and V^^g = Homs(A, S) = A- Oa.s- 
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Here T>a,r = 'Da.s is the Dedekind-different, which is a principal ideal in A (see Definition 6). 
Let xs e Z'^{G/W,U{k)) and xa,Xa,s S Z^{G,U{k)) be the "eigen-characters" of ds, 9a and 
9a,s, respectively. Then xs = XA • Xa^s ^^'^ Honijr(i?, J-") is isomorphic to the R-module of 
semi-invariants S -i = A -i . In particular the following hold: 

(i) The quasi-canonical R-module liomj^{R, is isomorphic to a divisorial ideal I <R, 
with ch(cl(/)) = [xs] = [xaIxa.s], where ch : ^ H'^{G/W,U{k)) is the isomor- 
phism of Corollary 3.12. 

(ii) The following are equivalent: 

(a) The ring R is quasi- Gorcnstcin; 

(b) [xs]^leH\G/W,Uik)). 

(c) [xAM = [XA]eHHG,U{k)). 



Remark 2. 

In the special case, where A is a polynomial ring with fc-linear G action, the equivalence 
of (ii) (a) and (c) also appears in a paper by A Broer ([3]). 

Corollary 1.3. If[xs] = 1 e H^{G/W,U{k)), then the Cohcn-Macaulay and Gorenstein 
loci of R coincide. 



If char(fc) = p > 0, set W := {W, | .g £ G) with P a Sylow p-subgroup of G. In other 
words, W ^G is the normal subgroup generated by all reflections on A and all elements of 
order a power of p. We obtain: 

Corollary 1.4. If G acts trivially on k, then H^{G/W,U{k)) = llom{G/W,U{k)) = 
Hom(G/iy, U{k)) and Theorem 1.2 also holds with W and S replaced by W and S := A^ . 
In particular S is a factorial domain and quasi- Gorenstein and R is quasi- Gorenstein <;=> 

Xs = 1- 

Assume for the moment that Hypothesis [MTV) holds, then W = 1 and A = S with [xA,s] = 
1. Hence in this case R is quasi- Gorcnstcin, if and only if [xa] = 1- If moreover A = Sym{V*) 
with G C GLkiY), then [xa] — Xa — dct~^ (see Remark 4) and we recover Braun's result (and 
Watanabe's for char(fc) / |G|). More generally: 

Corollary 1.5. Assume that A = Sym(y*) and S := A^ is Gorenstein (e.g a polynomial 
ring). Assume moreover that xs = ^ (note that xs € Hom(G, U{k)) here). Then R = A'^ is 
Gorenstein, if it is Cohen-Macaulay. 

It is known by a result of Serrc ([1]) that if Sym(V^*)^ is a polynomial ring for finite 
H C GLk(V), then H = W{H). Unfortunately the converse is false, so the hypothesis of the 
above Corollary is not automatic. If however it is satisfied, then the character xs can be 
explicitly described in terms of the G/W action on the homogeneous generators of A^ (see 
Section 5). 
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2. The divisor class group and reBexive modules of rank one 

In this section we collect some definitions and results from [6], including some information 
which is implicitly contained via arguments and proofs, but not explicitly stated there. In such 
a case we include short proofs. Let A be a KruU domain with quotient field L := Quot(A). Let 
SpeCi(A) := {0 7^ P 6 Spec(A) | ht(P) = 1} then for every P e Speci(74), the localization Ap 
is a discrete valuation ring and by definition 

(1) A = npgspcci(A)^p; 

(2) for every 7^ £ S L the set {P G SpeCi(A) | zyp(^) ^ 0} is finite. 

Let Va denote the divisor group of A, i.e. the free abelian group with basis Spec (A): 

Va := ®PGSpcci(A) Z div(P). 

Let 7^ J <] A be an ideal with 7^ j G J. Then i^p( J) G Z is defined by JAp = P^f^-^'Ap, hence 
'^p{j) ■= '-'p(j^p) > i^p{J) > 0, and it follows that i^qiJ) = for almost all Q G SpeC]^(A). If 
/ C L is a fractional ideal, then £1 < A for some £ £ A, hence again lyqil) = for almost all 
Q G SpeC;^(A) and one defines 

div(/) := i/p(/)div(P). 

PeSpoci(A) 

With Ha we denote the group of principal fractional ideals in A, then the map div embeds 
Ha into Va as a subgroup with quotient group Ca Va/Ha, the divisor class group of A. 

Definition 3. Let R C Ahe a, subring. For ideals / < i? or J <: A we denote with / and J 
the corresponding divisorial closures, i.e. 

/ — nRr<iR Rr, and J = C\jcAa Aa. 

ICRr ' — 

Lemma 2.1. Let R C A be a subring with Quot(i?) f] A — R, and let I < R and J < A be 
ideals, then 

1. TAnR = l; 

2. J = djA with dj G A <i==^ dj := gcd( J) exists in A. 

3. I A = djA with dj € A <^=^ dj := gcd(/) := gcd{r G /} (taken inside A) exists. 

4. For a G A: a J C J ■ a with equality, if J and aJ have a gcd in A (the latter is then adj). 

5. For a G A and divisorial ideal J < A, a J < A is divisorial. 

6. If every subset of A has a gcd (e.g. if A is a factorial domain), then for any ideals 
J, K <i A: J-K = J~/?. 



Proof: By the assumption on Quot(i?) we have rA n i? = ri? for every r £ R. 

1. : Let 7 = r\iQrR rR, LA = HiACaAaA, and x gJADR. Then I C rR implies 7A C rA, so 

reR ' aGA _ _ _ 

X £ rAn R = rR. It follows that x £ I and I C lAn R £ I. 

2. +3.: Assume dj = gcd(J); then clearly J C Aa a \ dj djA C aA. Moreover, J C 
djA, so J £ djA C r\jcAaAa = J. The opposite implications are obvious. 

4. and 5.: aJ — DjaCiAcAc £ CijaCAbaAba = (CijcAbAb) • a = J • a. If J is divisorial we get 
aJ £ J ■ a ^ aJ C aJ. Let g := gcd( J) and d :— gcd(aj). Then ag is a common divisor of aJ , 
hence ag divides d and therefore d/a G ^ is a common divisor of J. It follows that d/a divides 
g, hence d divides ag. So ag\d\ag ^ d. Now we get aJ ~ gcd{aJ)A = agcd(J)A = a J. 
6.: For every k £ K we h ave Jk ~ Jk £ JK, hence JK £ JK and J ■ K £ J ■ K. Clearly JK £ 
JK, hence JK £ J ■ K. o 
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Let B be an arbitrary commutative ring and N € B — mod a finitely generated i?-module. 
Then N is torsion free of rank one there is an ideal I < B containing a non zero-divisor, 

such that N ^ I < B are isomorphic as _B-modules. 

From now on let A be a normal noetherian domain, then A is a KruU-domain. Moreover for 
every finitely generated module M £ A — mod the following hold: 

(1) M* := UoniAiM, A) = npespcc,(A) M; C L ®a M*. 

(2) If M is torsion free, then the canonical map c : M M** induces an isomorphism 

M** = npgSpocj(A) Mp. 

(3) The fractional ideal / G J- (A) is divisorial if and only if / is a reflexive A - module. 

(4) ker(c) = Tor(Af), the torsion submodule of M, and M* is reflexive. 

(5) For M, N <E A — mod one has 

(HomA(M,A^))** = HomA(M**,iV**). 

Proposition 2.2. Let A be a normal noetherian domain, then there is a bijection between 
the divisor class group Ca and the set of isomorphism classes of finitely generated reflexive 
A-modules of rank one. 

Proof: If M, N G A — mod are f.g. reflexive A-modules of rank one, then M = I and N = J 
with divisorial ideals I, J < A, so we can assume that M = I, N = J are divisorial ideals. Let 
6 : / ^ J be an isomorphism, then for any € I, 9{ii') = i9{i') = i'0{i), so £ 0{i)/i g L 
with £ ■ I C J. By symmetry we have = i/d{i) = 9^^{9{i))/6(i) = 0~^{j)/j for every j G J, 
hence j = 0^^{j))£ and J £1, so J = £ ■ I. It follows that the classes cl(J) := [div(J)] and 
cl(/) e Ca coincide. 

Now assume cl( J) = cl(/) G Ca, then div(/) = div(J) + div{£A) for some £ = a/b G L, hence 

div(/&) = div(/) + div(feyl) = div( J) + div(ayl) = div( Ja), 

and replacing I hy lb I and J hy Ja J, we can assume that div(/) = div( J). Hence /p = Jp 
for all P G SpeC]^(A), so I ^ J, since these are reflexive A-modules. o 



3. Relative Invariants 

Now let G C Aut(A) be a finite group of ring automorphisms with corresponding ring of 
invariants R := A'-' and quotient field K = L'-'. 

The Galois group G = Gal(L : L*^) acts as permutation group on Spec (A) and on the divisor 
group Va and there is an inclusion homomorphism p : T>ag "Da satisfying 

QGSpoCi(A): QnA'3=q 

because the ramification index eq_A := eq := e(Q|q) is constant for all Q G Spec2(A) over q. 
The group of invariants {'Da)'^ is a free abelian group with basis consisting of orbit sums 

d(Q)+ := ^(5Q), Q e SpcCi(A). 

9eG/G{Q} 

Here G{q} := StabG(Q) is the stabilizer (i.e. the decomposition group) of Q. Let €. denote a 
fixed set of representatives for the G-orbits on SpcC]^(yl), i.e. 

£ ^ Speci(A)/G ^ Spcci(A'^). 
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Then we have a short exact sequence of abehan groups: 

Vag — ^ {VAf — - ©QeeZ/eqZ (3.1) 

If aA G (Ha)^, then g{a) ~ CgU with Cg G U{A) and gh{a) = Cgha = g(cha) = g{ch)cga, 
hence Cgh = Cg • g{ch), so A := C(.-) G ^^(G, C^(^)) and a G Aa- 

Lemma 3.1. Let x G ■^^"'^(G, [/(A)), then is a reflexive R-module of rank one and is 

isomorphic to a divisorial ideal of R. The following hold: 

(i) for every 7^ a G A-^~i, aA^A O R = A^a = aA^, < R is divisorial. 

(ii) Let X G B{G, U{A)), i.e. X{g) = u^^g{u) with u gU (A), and /i := x • A. Then u ■ A^ = 
Af^ and A^A = A^A, which only depends on the class [x] G H^{G, U{A)). 

(iii) Assume A to be a normal domain. Then for every Q G Spec2(A), i'q{A^A) < e(Q|q). 

Proof: sec [6] Lemmas 2.1/2.2. o 

Let Z\{G,U{A)) := {A G Z^{G,U{A)) \ ^ Q VQ G Speci(^)}. If A, G Z^{G,U{A)) and 
Q G SpeCj(A), then A\.^ C Q impHes Ax ■ A^ C A\.f^ C Q, hence A\ C Q, or A^ C Q. In other 
words, Z\{G, U{A)) is a subgroup of Z^{G, U{A)), containing B{G, U{A)) (since AxA = A for 
A G B{G, U{A))). Therefore one can define 

Definition 4. H\iG, UiA)) := Z\{G, U{A))/B{G, U{A)). 

Lemma 3.2. The sequence 

► H\iG,UiA)) H\G,U{A)) ^ ©Qgc^/cqZ 

with 'J : [x] H> {vci{A^A))q^^^ is an exact sequence of abelian groups. 

Proof: see [6] Lemmas 2.3. o 
The map 

Cao ^ {VAf/inAf [VAlUAf = {CAf 

is essentiahy the natural map (j) : Cao Ca and we obtain 

Corollary 3.3. The kernel ker(0) is naturally isomorphic to Ha{G,U{A)) = ker(\E'). 
Moreover, (p is injective if and only if the A~^ are free R-modules for all x S ■^^(G, U{A)). 

Proof: see [6] Lemma 2.4. o 

3.1. From now on we assume that A is a factorial domain. 

Definition 5. 

(i) Let Iq := G^q-^ = {5 G G | 5a — a G Q Va G A}, the inertia group of Q G SpcCj(A). 

(ii) An element 5 G G is called a rejection on A, ii g G Iq for some Q G Spec (A). The 
group 

W := Wa ■■= Wa{G) := (/q | Q G SpeCi(A)) 
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is a normal subgroup (since G acts on SpeCj^(A)) and is called the subgroup of 
(generalized) reRections on A. 

Theorem 3.4. Let A and G be as above and assume that A is a factorial domain. Then 
Cag = 

H\{G, U{A)) = H:={pe H^G, U{A)) \ res,^ (p) = 1 in H'{Iq, U{Aq)), VQ G Spcci(^)}. 

In explicit form: Let I be a divisorial ideal of A^ , then I A = a A with semi- invariant a ^ A. 
If 0a G Z^{A, U{A)) is the corresponding cocycle, i.e. g{a) = 6a{g)a for every g € G, the class 
[I] G C^G corresponds to the element [9a] G H. 

Proof: See [6] Lemma 2.4. The explicit form can be seen by following up the isomorphism 
described there, o 



Proposition 3.5. For x G Z'^{G, U{A)) the following hold: 

(i) A^A = d^A, := gcd(A^) G A^i^ with € Z^{G,U{A)) and a uniquely defined 
element [/i^] G ffi(G, U{A)). 

(ii) A^ defines a unique class cl(A^) G Cr, which satisfies cl{A^) = [x^^Mxl ^ ^ (^'^'^ 3.4). 

(iii) A^ is a free R-module if and only if [x] = [mxI S H^{G, U{A)). 

Proof: (i): This follows from 2.1. 

(ii) : For every a G A^-i the ideal aA^ < i? is divisorial and we get from 2.1: aA^A — ad^A with 
ad^ G Ax-v^. Hence cl{A^) = [x-^xl ^ i? by 3.4. 

(iii) : This follows immediately from the above, o 

Lemma 3.6. For [x] G H^{G,U{A)) the following are equivalent: 

(i) [x] € H = H\iG,UiA)); 

(ii) G U{A); 

(iii) [x:^] = c\{A^) eCn^ H; 

(iv) A^A = A. 

Proof: "(i) <;==> (ii)": Let [x] G H, then there is a divisorial ideal J<R with cl(J) = 
[x^^], i.e. J A = fA with / G A^-i. The divisorial ideal / :— fA^ < R satisfies 

JA^ = TA = f-A^ = fd^A. 

Hence J =JA n R = fA n R ^ fA^ = I, so fd^A ^JA = JA = fA and G U{A). On the 
other hand, if d^ G U{A), then [n^] = 1 G H^{G, U{A)) and [x^^] = [x"^][Mx] ^ H. 
"(i) ^ (iii)" and "(ii) ^ (iv)" follow from 3.5. o 



Corollary 3.7. For x G Z^{G, U{A)) we have A^ ^ d^ ■ A^^-i . Assume A^ = a - S with 
S C A and a € A. Then a \ d^ and the following hold: 

(i) a dx S ^ Ax with [A] = [xA^x ^1 ^ ^ (^■'^- Ax= Ai= R in R - mod.) 

(ii) Ia G S S = R <^=^ d^r^ ae A^. 
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Proof: Since — gcd(^;^), A^d^^ C ^^^-i, hence d^ ■ A^^-i '!= C d^ ■ A^^-i, so 

Ay ^ dy ■ A -1. 

(i) : If A^ = aS with S C A 3 a, then clearly a \ d^. If a = ud^ with u G U{A), then d^ ■ A^^-i = 
Ay. = udyS, hence 5 = u^^A^^^-i = Ax with fAl = [xM^^l- 

Xl-''x A 

Assume S ~ A\ = R, then d^A = A^A — aA\A=aA\A — aA by 3.6; hence a ~ d^. 

(ii) : If I A G S, then a G A^, therefore | a and 5* = 1/aA^ C R. Hence A^ C ai? C A^ and 
i?=l/aAx = S'. 

If 5* = ii, then A^ = aR, so gcd{A^) 3 a e A^. 

If ^ a G A^, aR C A^, hence 1a G i? C l/aA^^ = 5*. o 



Corollary 3.8. Let [A] G H'^{G,U{A)) such that Ax = dR. Then for every [a] E H we 
have 

d = gcd(AAff) dxa, 

i.e. d and dxa are associated. In particular d ~ dx ■ u with u G U{R) and Ax = Adx. 



Proof: We have dA = dA^^A dRA„A = AxA^A C Ax^A = dxcrA 



dxaA„-lA = dxaA^-lA = dxaAA„-lA = ^a<tAA<t-i^ = AxaAA„-lA C = dA. 

It follows that dx^u-d with u G ?7(A) n i? = U{R). o 

Corollary 3.9. Let [A] G H^{G,U{A)) such that Ax = dR. Then for every [a] e H we 
have 

d = gcd(AA^) dxa, 

i.e. d and dxa 3i,re associated. 



Proof: We have dA = dA^A = dRA^A = AxA^A C Ax^A = dx^A = dx^A^-iA 



dxc,A„-iA ^ dxaAA^-iA = AxaAA„-iA = AxaAA^-iA C AxA = dA. 



Theorem 3.10. Let Vg,a := {[A] G H^{G, U{A)) \ Ax = dxR}. Then 

Vg,a - {[A] G H\G, UiA)) I c1(Aa) = 1}, Vg,a n = 1 and H\G, C/(A)) = ^[x]eVa.AH ■ [A]. 

So Vg,a C H^{G, U{A)) is a transversal of the cosets of the subgroup H C H^{G, U{A)). 
For every [x] G H^{G,U{A)) let [fi^] G H^{G,U{A)) be the character of d^ := gcd(Ax), i.e. 
dx G Afj^ . Then the following hold 

(i) cl(AJ = ^ith {[^lx]} = Vg,a nH-[x]. 

(ii) The map 

/i: H\G,U{A))^Pg,a. M^K] 
satisfies /i o ^ = /i and it is a projection operator onto the distinguished transversal 
Vga- 
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Proof: The equation Vg.a H if = 1 follows from 3.6 (iv). 
Let [A], [6] e Vg,a with [a] := [\]~'^[6]^ H, then [,5] = [X][a], hence by Corollary 3.9, ds - 
and [A] = [S]. This shows that every H coset contains at most one element in Vg,a- 
Let [x] e i?HG,[/( A)), then 



A^A = d^A <Z A (i)AC A (i, A = d (i)AC A (2)A = d (2)AC A (3)A = ... 

Mx A^x f^x Mx Px Mx 

with 

[X] ^ ^ ^ . . . mod iJ. 

It is clear that this ascending chain of divisorial ideals must be stationary, hence we will 
eventually have 

du>A = d = d (o.,, and therefore = = =: [A] 



with 



AxA = dxA C AxA C AxA and [x] = = • ■ • = = W mod 



It follows that dx = gcd(^A) e ^a, hence Aa = dxR, so [A] G T'ca n • x- 
It now follows from Corollary 3.9 that 

c^A ~ d li) ^ d (i-i) ~ d n-2) ^ . . . d 11) ~ dy. 

Fx t^x t^x A^x 

So [/i^] := [/ix ^] G n ^ • [x]- By construction we have d^^ ^ d^, hence /i o ^([x]) = m([x])i 
which finishes the proof, o 



Corollary 3.11. For every [A] G T'c^yi wehaveCn = {c\{A^) \ x <^ H ■ [A]}, i.e. ifxranges 
through the full coset H ■ [A] , then the A^ form a transversal of all isomorphism types of rank 
one reflexive R-modules. 

Alternatively the set {A^^-i \ x G Z^{G, U{A))} is also a full set of representatives of reflexive 
rank one R-modules. 



Proof: Every rank one reflexive i?-module is isomorphic to a divisorial ideal of i?, the 
isomorphism type of which is uniquely determined by its ideal class. From Corollary 3.10 we 
see that [fiax] = eigencharacter of(dCTA) = eigencharacter of(dA) = [A], hence we get 

c1(A.a) = [a]-'[\]-'Wx] = [<y]-'[\]-'[\] = Wr'- 
The last statement follows from 3.7, since A^ = d^. ■ A -i = A -i in i?-mod. o 

3.2. A noetherian, factorial domain, U{A) = U{k) 

From nov^f on we assume that yl is a noetherian factorial domain with U{A) = U{k) 
with fc C A, a field of characteristic p > 0. 

Let P = apA G SpeCi(A) and a e I := Ip. Then for u G fc, (cr - l)(u) G fc n P = 0, so (t{u) = u 
and W C Autfc(A). Clearly P is /-stable, so cr(ap) — 6p{g)ap and the map 

Sp : Ip ^ U{k), a t-^ Sp{g) = ap^a{ap) 

is an element in Z^{I, U{k)) — Hom(/, U{k)). 

Lemma 3.12. For P G SpeCi(A), / := Ip and e e(P|P n R) we have Hom(/, U{k)) = 
IIom(/, U{Ap)) = {5p) = Z/eZ. There is a short exact sequence 

>■ Cao H^iG,Uik)) ®Qec Hom(/Q, [/(fc)) ► 
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In particular Cao = H^{G/W, U{k)). 

Proof: see [6] Lemmas 2.6. In addition to this, we only need to show that H = 
HHG/W, U{k)). Let [x] G H with x e Z\G, U{k)), then for g,h&W, xigh) = x{9)9{x{h)) = 
x(g)x(ft,), since W acts trivially on k. Moreover g and h are products of elements on which x is 
1, hence x\w = 1- We view Z^(G/W, U{k)) as a subset of Z^{G, U{k)) in a natural way. Then, 
again since W acts trivially on k we have B^{G, U{k)) C Z^{G/W, U{k)), hence B^{G, U{k)) = 
B^{G/W,U{k)), so Cag ^ H = Z\G/W,U{k))/B^{G/W,U{k)) = H\G/W,U{k)). o 

3.3. A noetherian, factorial domain, U{A) ~ U{k) with trivial G-action 

Then H^{G, U{A)) = G* Hom(G, U{k)), the group of linear /c-characters of G. If TV < G 
is a normal subgroup, then the restriction map yields a short exact sequence 

1 ^ {G/N)* G* ^ N* ^ 1. 

Corollary 3.13. There is an isomorphism ch : Cag = G = ker(reS|T4')j where G := G/W 
and iesi\Y '■ G* — ?► W* is the restriction map on characters. 



4. Quasi-Gorcnstcin Rings of Invariants 

Now let A: be a field and A a finitely generated normal fc-algebra with U (A) — U{k), such that 
the quotient field L := Quot(^) is separable over k. Let G C Aut(^) be a finite group with ring 
of invariants R := A'^ . Then fc is a separable algebraic extension of k' := k'^ C K Quot(i?) 
and L as well as K are separable over k'. By Noether-normalization there is a fc'-polynomial 
ring C i? A"-^ such that jrR and jrA are finitely generated modules, i.e. = k'[fi, . . . , fd], 
with {fi, . . . , fd) a system of parameters of R as fc'-algcbra. It follows from [5] Cor. 16.18 
pg.403, that J- can be chosen such that L and K are separable over Quot(J^). For technical 
reasons, which become clear later in section 6, we choose and fix J- in such a way. 

Proposition 4.1. Let V C A as above be quasi-Gorenstein. Then for every Q e Spec(^), 
the locahsation Aq is Cohen-Macaulay if and only if Aq is Gorenstein. In other words, the 
Cohen-Macaulay and Gorenstein loci of A coincide. 

Proof: Let Q £ Spec(A) be such that Aq is Cohen-Macaulay. Set q = Q fl P e Spec(P) 
and let Q:=Qi,...,Qfc be the primes of A lying over q. Since Rom-p^A,!^) = A and 
Aq = xtiiq,, we get Aq = (Hom^;^P))q) = Romv{A,V) ®v Vq ^ Hom^JA^Pq) ^ 
x*L^Homp^(y4Q^,'Pq) = x^^^Aq^. Let 1^ = '^i^h acj = then Aq^ = e^Aq = 

ej;Homp^(Aq, "Pq) = IIomp^(eiAq, Pq) = Homp^(AQ;,Pq). Since Aq^ is Cohen-Macaulay, so 
is Aq^ and it is finite over Pq. It follows that Hom^ (AQ;,Pq) is the unique canonical module 
i^Aq ('^P ^'^ isomorphism) of Aq . . Therefore = Aq^ . It is generally true, that for a finitely 
generated Aq-module M , the completion M ®Aq Aq is canonical for Aq, if and only if M is 
canonical for Aq, so we conclude that ijJAq — Aq and Aq is Gorenstein. o 
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Definition 6. For a normal subring S 'Z A such that S* A is finite and Quot(A) is 
separable over Quot(S') let 'Da,s ^ ^ denote the corresponding Dedekind different. 

It is weh known that Va.s and its inverse 5 are divisorial (fractional) ideals with 

P^;^^ Horns (A S). 

Now we assume in addition that A is a factorial domain (see subsection 3.2). 

Let S := , then by 3.12 S is also factorial. The following lemma is well known (at least in 
the context of Dedekind domains appearing in number theory): 

Lemma 4.2. For any W C H C G the following holds: 

(i) T^A,A'^ = T^A.A"- 

(ii) Vah^ao = il) = A". 

In particular the extension A^ >■ A^ is unramihed in height one. 

Using the fact that rS is unramificd in height one we can now prove the main result: 
Proof (of Theorem 1.2): We have Vs.r ~ S, R* ~ "D^jr and 'Ds,j^ = Sd, a principal ideal, 
since S' is a factorial domain. It follows that S* ~ 863, where 63 G 5** can be identified with 
an element in Quot(5'). Since the fractional ideal Vg^^ is G/W-stahlc 9s is a relative invariant 
with character xs G H. By the Dedekind-tower theorem, Vs^j^ ~ T^s.bPr.j^ ^ S, which implies 
(first locally at height one primes, then globally): 

S* ^ SOs = Vg^jr = Vg^j^SV^ljr = 'SV^ C Quot(5). 

There is a suitable element r £ R with rS6s C S and therefore rS9s = rSV^jr C S. 
Hence we get rSV^^jr D R = rVj^^jr = rS0s n R, so R* = P^^^ = 863 D Quot(i?) = 5^,-1 = 
A^g-i, where the isomorphism is one of i?-modules. Since xs & H we have [fJ-xs] ~ 1; so 
ch(cl(yl^3-i )) — [xs]- The equation xs = Xa ■ Xa^s follows immediately from 

T^a,bVr,f = T^a,sT^s.j' 
and 'Da,s = T^a,r- The remaining statements follow immediately, o 

Proof of Corollary 1.4: Since W /W is generated by p-elements, it follows that C§ = 
Rom{W/W,U{k)) = l, hence Hom(G/T^, t/(fc)) = Hom(G/W^, C/(fc)) and 5 is a factorial 
domain, hence quasi Gorenstein. Using Lemma 4.2 the remaining arguments are exactly as 
above with W replaced by W and S" by S^. o 

Proof of Corollary 1.3: this follows immediately from Theorem 1.2 and Proposition 4.1. o 



5. The graded connected case 

The application of Theorem 1.2 depends on the determination of [xs] or, equivalently [xa] 
and [xA,s]- If G acts trivially on k, then these are linear characters in Kom{G/W,U{k)) or 
Hom(G, U{k)), respectively. In this section we investigate these characters in the case where A 
is a graded connected Cohen-Macaulay ring. 

So throughout this section A = J2i>o -^0 graded connected noetherian normal k- 

algebra, i.e. Aq = k with U{A) = U(k) and G C Autfc(A) a finite group of graded fc-algebra 
automorphisms. We will also assume that ^ is a Cohen-Macaulay domain, i.e. ^ is a free 
module over some (and then every) parameter algebra J- C A. We keep the previous notation. 
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50 ^ ^ is a finite extension of noetherian normal domains. Let yi, y2, • ■ • , yd G i? be a 
homogeneous system of parameters (hsop) with di := deg(yi), d = Dim(i?) = Dim(A), and set 
T k[yi, . . .,yd]. 

Definition 7. Let V := ©„>oKi be an No graded fc-vectorspace and G a finite group 
acting on V by graded /c-hnear automorphisms. We define the (Brauer-) character series 

oo 
n=0 

where xv„ is the (Brauer-) character afforded by the action of G on Vn- Note that Hv,g{t) G 
k[[t]], whereas Hy'^g{t) G Q(e)[[t]]; where e is a primitive order((7)-th root of unity in C. 

Note that 

HA{t) = ^dimfc(A,)t^ G Q{t) 

i>0 

is the ordinary Hilbert-series of A. Let 

U ■.= A:= A/J'+A, 

where J-''^ := {yi, . . . , yd) ^ is the unique maximal homogeneous ideal of J-. Then J- 0^ U is 
the projective cover of j^A in — mod, hence, as j^A is free, we have T ®kU = A as ^-modules. 
Moreover 

where we choose a homogeneous fc-basis {^i | i ~ 1, . . . with deg(^i) =: Pi < /3 := f3e 

and £ := dimk{U). We also will choose an J^-basis B := {s; | i = 1, . . . ,£} of A, such that 

51 + T+A = s7 = for i = 1, . . . , ^. 

Note that G acts on A and U and if g{£,i) = 9ji^j with (^ji) G k^^^, then 

with <Y G 7-"+ A. For each j let Aj := {B)k H Aj, then Ai = (S)m+n=iJ^m ^fe A„ and it is easily 
seen that 

XA.(g)- dimfe(J-„).xi/„(5)-cocff,(i/|'-(0-^a:gW)- 

Hence 

Since J¥^(t) = Yi^^l^-t",) ^^^^ -^c^.s^^) ^ '^(^)W' S^t 

Lemma 5.1. The Braucr-character series of A arc rational, i.e. H^^^{t) G Q{e){t). 
Now we assume in addition that A is Gorenstein. It is then well known that 

where a{A) ~ dcg{HA{t)) is the degree of HA{t). This symmetry is induced by the duality of 
the corresponding artinian Gorenstein algebra 

U = A:= A/T+A, 
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where := (j/i, . . . , yd) < T is the unique maximal homogeneous ideal of J^. For later use we 
recall the details: 

There is a graded embedding 

U/U+[-l3] ^ k[-f3] C uUp, k = {{U/U+)[^(3])p XS,,. 

It follows from [4] that jjU is injective with Soc(J7) = k (up to shift), hence 

k[^l3] = U/U+[-l3] = Soc(c/C/). 

It is well known that *E{k) = U* := Homfc(C/, fc), where *E{k) denotes the graded *injective 
hull of k = Uq (see [4] for the definition of *injectivity). Note that U = (S^^qUi; choosing a 
homogeneous dual /c-basis {^* \ i = 1, . . . ,£} (such that ^*(Ci) = ^ij and deg(^*) = — deg(^i)), 
we see that U* = ®f^o([/*)_i with k = Soc(;7*) = and dimfe(J7*)_i = dinifej/^. Since uU is 
injective and indecomposable we conclude 

uU^ *E{SociuU))^ *E{k[-l3])= *E{k)[-l3] = U*[-P]. 

It follows that dimfc([/i) = dimk{U*[~l3]i) = dimfc((C/*)i_^) = dimfc(C/^_i), hence Hu{t) = 
t^Huil/t) = H^jit). Since Rad(f/*) = Soc(C/)-^ = {Q, ■ ■ -,€^-1) we have jjU* = U ■ Q as well 
as a non-degenerate associative bilinear form 

k{,): UxU^k, «(^,e')=a(e-0- 

It follows from Soc(C/) ^ k ■ that for g G G, g{^i) = X{g)(,e, with some linear character 
A G Hom(G, C/(fc)). Since the G-action preserves degrees, we have g{£,j) ^J2n<p^^^' hence 
g-'Cei^j) = Ciigi^j)) - for every j < I and 

hence = \{g)^^(,\ for every g £ G. It follows that 

^(3(e.),3(e,)) = A(g).K(6,0)- 

Proposition 5.2. Let A be a graded connected Gorcnstcin algebra, then the Brauer- 
character series of A and U satisfy the following identities: 

(i) iJ^;^(i)=A(.g).t^*if^;_,(lA); 

(ii) H"^''a/t) = (-l)'^'^^^^A(g) with a{A) = /3-j:^d,^ deg(i7|,'i(t)). 
In particular 

X(g) = (-1)^' • lim , 

Remark 3. It follows from (i) that the character A only depends on A and not on the choice 
of T. Therefore we denote it by Xa and we will denote the corresponding Brauer character by 
Xa- 

Proof: 1.: Let 01 :— {ai, . . . ,am} and S := {61, . . . , &,„} be fc-bases of Ui and C/^_i, 
respectively, then K{g{ai), g{bj)) — X{g) ■ K(ai, bj). On the other hand, this is equal to M%{gY'^ o 
Q o AI<s{g), where Q = K{ai, bj) £ fc™^™. For every < v < (3 with v ^ (3 — i wc have 

U^<ZUt ■■= {aeU \ K{a, Ui) = 0}. 

Hence the map 

Ui X Ufj-i — > fc, (a, b) K{a, b) 
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is a perfect pairing, in particular Q is a non-singular matrix. Therefore Ai%{gY^ = -^(.9) 
M^{g)-^oQ-^ and 

trace(5|[ij = \{g)ira.cc{g^^^_^), 

from which 1. follows immediately. 
2.: Using 1., the LHS is equal to 



Remark 4. Let g e GL{V) scmisimple, A := Sym{V*) = k[xi, . . . ,x„] with xi, . . . ,x„ a 
basis of V*. We can assume that g{xi) = XiXi with eigenvalues \i £ U{k), so with slight abuse 
of notation we obtain 



n n 

K:g{t) = t^^\A) = n(i + + +•■•)= n — \ 



1 

4=1 r=i 1 - detTT^tff) 



Br n _ 1 



It follows that Hf _^{l/t) = 



^'9 ^ ' ' dct(l-g-il/t) 

- ^ (-l)"rdet(g) ■ ^ (-l)"rdet(ff) ■ ff^.^ft)- 



det(t-.g-i) dct(.gt-l) dct(l - .gi) 

Hence Ayi(g) = det(5)~-^. 



Proposition 5.3. Let A he a graded connected Gorenstein domain and also a facto- 
rial domain. Then Hom_F(^, ^ A9a with x~a = as defined in Remark 3. Moreover 
Hom_7r(_R, J") = Ax, where 

(i) A \a if char(fc) does not divide \G\; 

(ii) A := As e Hom(G/iy, U{k)), if S = is Cohen-Macaulay (and therefore Gorenstein). 
In each of those cases R = A(^ is quasi-Gorenstein if and only if X = 1. 



Proof: It follows from 1.2 that there exists some function 6 := 9a with IIomjr(A, J^) = 
A ■ 9. From [4] Prop. 3.3.3 (a) we get 

I.- 9^ Hom^(A, T) ® ^ Hom,7(C/, k)^U-Q, 

hence 9 — c ■ with some nonzero scalar c G k. Setting A :~ Xa, it follows that g9 = 
g{9) = X{g)^^9, so g{9) - X{gy^ ■ 9 e J'+Hom^(A, J"). On the other hand G maps 9 onto 
another module generator and therefore g{9) = Sg ■ 9 with a unit Sg € k = Aq. It follows that 
g{9) - X{g)-^ - 9 ek-9n T+A9 ^ and we conclude g{9) = Xig)'^ ■ 9. This shows xa = ^a^- 
Since is a factorial domain, it is Gorenstein if Cohen-Macaulay, so the same argument as 
above gives xs = ^s^- The statement about IIomjr(-R, follows from 1.2. 
For the rest of the proof we can assume that char(fc) does not divide \G\. We consider 
the restriction map res: Hom_7r(A, J^) — !■ IIomjr(i?, J^), M> Since t : A ^ R, s i-> 

\G\~^ SgGG (*) epimorphism of J^-modules and jri? is free, we have jrA = j-R © jrX for 
some complement jrX C A, hence res is surjective. Let A G IIomjr(i?, J^), then there is s e A 
with A = s • ^^(|_r) = 9{s ■ 0). For any r g i? we get 

= ^ E ^(ar) = ^ E ^('9^) = E (^i9i9-\s)r)) = 
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\2xig)e{g-\s)r)) = 9Ms)r), 
' ' geG 

where tx := Y^g^c ^(9)9'^ ■ ^ is the projection operator in Homjr(A, Ax). Thus we 

have Homjr(i?, J") C res(AA • 0). Again it follows from jrA= jri? © jrX, that Honijr(X, T)^ = 
0, hence 

Hom^(A, J-)^ ^ reSfl,(Honi^(A, J")°) = Honi^(yl°, J"). 

Clearly Ax ■ 9 e Hom^(yl, J')'^, so 

Hom^(i?,^) = res(AA • 9) ^ ^A^. 

If A = 1, then Homjr(i?, T) — R ■ vcs(9) is a cyclic i?-niodule, so ujr = Honi^(i?, T) = rR and 
i? is Gorenstcin. o 



Remark 5. In the special case where A = Sym(y*) with linear G-action the result above 
for the non-modular case also appears in [6] Cor. 3.2. The proof indicated there depends on 
the results of [7], [8]. In contrast to this our proof above is elementary and independent of 
Watanabe's results as well as of our Theorem 1.2. 

One can apply the results above for example in the situation where A := Sym(l/^*) for finite 
dimensional fcG-module V, and S = A^ ot: S = A^, with G := G/W or G/W acting on S. 
However, even if S' = k[xi, . . . , x„] is a polynomial ring (with deg(a;i) =: > 1), then action of 
G will in general be non-linear and the fc-space (xi, . . . , Xn)k will be not G-stable. Nevertheless 
we can use Remark 4 to determine \s = Xs^'- 

Let M be a finite dimensional fcG- module with fcG-submodulc N C M. As a vectorspace 
we have M = N ® U, with U = M/N as a fcG-module. Even though M and N ®U are in 
general not isomorphic as /cG-modules, one has xm = Xn + Xm/n- It follows that Sym(M) = 
Sym(A^) Sym([/) as a fc-algebra, but in general not as fcG-module. Nevertheless we 
have = -ff|rm(Ar),g(0 • -f^fym(j\//JV),3(0- ^ven more generally, the following Lemma 

includes the case of a graded, but non-linear G-action on the algebra generators: 

Lemma 5.4. Let G act on A by graded algebra automorphisms and B < A a G-stable 
graded subalgebra. Assume that A = B (i^k A/ B^A as a k-algebra (not necessarily as kG- 
module). Then 

^A^git) = H§^g{t) ■ H^Jg^^ g{t). 

Proof: Let A/ B+A G and identify the fc-algebras B ®k G ^ A, via b ® c = he. Let 
xi, . . . , x^t be a fc-basis of B^ and yi, . . . ,yi, a fc-basis of G„. Then g{yj) = J^t 9C;tjyt + S£ 
with *B£ € 'Yr^i BrGn-r and the matrix (gc-.tj) describing the representation of g on the 
fcG-module Gj = {A/B+A)j. Hence g{xiyj) — g{xi)g{yj) = 

^{gB,siXs)C^{gc;t]yt + *Be:) = gs-it ■ gcjj ■ Xiy^ + ^ gB-si9C;tjXsyt + X, 
with X G J2r=i Bm+rCn-r ^ B^A. It follows that XA + g = Xb g ' Xc g and therefore 

H^:g{t) = H^^g{t).HE:,{t).o 
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Proposition 5.5. Let A = k[xn, . . . ,xij^,X2i, ■ ■ ■ ,X2j2, ■ ■ ■ ,X£i, . . . ,xej^] be a polynomial 
ring with generators of degrees 1 < rfi < c?2 < . . . < dg. For i := 1, . . . ,£ let Ui denote the kG- 
module AdJA^A^ n A^. G kG — mod and det,; : G ^ k, g i-^ det{g^ij.). Then for every g G 
G: " ' 

A; k 

H^it) = n KMu.ui^) - n t-tt^ttt 

«=i »=i det(l - 

A^(5) = ntid^t,(g)-i. 



Proof: The subalgebra B :— k[xii^ . . . , xijj = Sym(C/i) C A is G-stable and we have A = 
B A/ B'^ A with polynomial ring A/ B^ A = A:[x2i, . . . ,X2j2, ■ ■ ■ ^xei, ■ ■ ■ ,xiji,]. Now the first 
equality follows from Lemma 5.4 and an obvious induction. The rest follows in a way similar 
to Remark 4. o 

If char(/s) = p > 0, then by definition p does not divide [G : W], hence if A^ is Cohen- 
Macaulay, so is A'~^. With regard to the Gorenstein property we obtain the following: 

Corollary 5.6. Let A := Sym(y*) with finite dimensional kG-module V and assume 
that A^ = k[xii, . . . , xij^ ,X2i,..., X2j2 , ■ ■ ■ , xn, . . . , xeji,] is a polynomial ring with generators 
of degrees 1 < di < d2 < . . . < d^. Then A'^ is Cohen-Macaulay and A'^ is Gorenstein if and 
only ifULi Set^ig)-^ = 1 for aU g G G. 
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